We discuss a nonlinear stochastic master equation that governs the time evolution of the estimated quantum state. Its differential evolution corresponds to the infinitesimal updates that depend on the time-continuous measurement of the true quantum state. The new stochastic master equation couples to the two standard stochastic differential equations of time-continuous quantum measurement. For the first time, we can prove that the calculated estimate almost always converges to the true state, also at low-efficiency measurements. We show that our single-state theory can be adapted to weak continuous ensemble measurements as well.
Introduction
For seven decades after the completion of quantum theory, sequential measurements on a single-quantum system were not technically accessible. Advancements of experimental technology have finally allowed multiple measurements under full control. Time-continuous measurements on a single system have also become feasible. Their theory concluded to a flexible Ito-stochastic calculus. It describes the time evolution of the measured stateρ t under the continuous measurement of a certain variableq as well as the evolution of the timedependent measurement signal q t . Recent perspectives of feedback control shed new light on the problem. The time-continuous, or real-time, state determination became an immediate theoretical task. Doherty et al [1] worked out a theory for a specific case (cf an application for feedback induced cooling [2] ). A related different task has been discussed independently [3] . Our present proposal, sketched already in [4] , extends the results of [1] for the whole class of systems under (time-)continuous measurement, and we prove the general convergence of the real-time estimate to the true state. Our concept will be slightly different from that of [1] . We do not think of integrating the stochastic differential equation of continuous measurement. 
This convergence implies for example the possibility of monitoring quantum oscillations in real time (cf [5] ). The structure of our letter is as follows. We first introduce the elementary measurement-update cycle and the weak-measurement limit. Then we present the Ito equations of our proposal, and we provide the proof of the above convergence theorem. We also discuss and verify the theory for non-maximum efficiency of the continuous measurement. Finally, an application to collective measurements is shown.
Unsharp measurement and update of states
In all continuous measurement and/or estimation theories, unsharp measurements play a central role. Consider the standard Gaussian model of an unsharp measurement of a variablê q [6] . Ifρ is the a priori state the measurement outcome q will have the following probability distribution:
where G σ is the normalized Gauss function of spread σ . The following standard update yields our a posteriori state:
If the a priori stateρ is unknown then also the a posteriori one remains unknown. We can, nonetheless, estimate the a priori state, say by a certainρ e . Then we apply the same update to our a priori estimateρ e as to the true state above:
Please note that the normalization factor is different than in equation (3) . The normalizing function p e (q) has, although we employ similar notation, no role as a probability distribution. We expect that by using weak measurements, i.e. when the unsharpness σ is very large, iterating the updates (2)-(4) brings the estimate and the true state closer to each other. It therefore makes sense to repeat the above measurement-update cycle many times at high frequency ν in order to make the real-time estimateρ e t converge to the true stateρ t , as claimed in equation (1) . Below we prove this remarkable convergence in the weak-measurement continuous-time limit [8] , where both the unsharpness σ and the repetition frequency ν of the measurement-update cycle tend to infinity while the ratio ν/σ 2 remains constant:
The quantity γ is called the strength of the continuous measurement. In this limit, equations (2)- (4) result in three Ito-stochastic differential equations, respectively, for the time-dependent outcome (signal) q t of the measurement, for the true stateρ t and for the estimateρ e t , which constitute the theory of continuous measurement and estimation.
The three coupled Ito equations
Let us first postulate the heuristic theory. Consider an observableq which we measure continuously. The signal is governed by a simple stochastic equation q t = q t ρ t + γ −1/2 w t , where q t ρ t stands for the mean value ofq in the current quantum stateρ t . w t is the standard white-noise defined by E[w t ] = 0 and E[w t w s ] = δ(t − s), where E stands for the stochastic mean. This form of the observed value q t is plausible: it fluctuates around the quantum mean value and the magnitude of the fluctuations decreases with the strength of the continuous measurement. Due to its nonlinearity, however, the naive equation must be replaced by the mathematically precise Ito equation
where Q t , W t are the time integrals of q t and w t , respectively. From now on, we call Q t the integrated signal of the continuous measurement. For notational convenience of equation (6) and of further equations, the lower indices t are systematically ignored. The second Ito equation governs the stateρ t under the continuous measurement ofq. For Markovian mechanisms, like ours, the Ito increment dρ t of the state will only depend on the current stateρ t and on the current Ito increment dQ t of the (integrated) signal: 4 :
whereĤ is the Hamiltonian. Obviously, at any time t,ρ t is conditioned on the previous measurement outcomes through {Q s ; s t}. The third Ito equation governs the evolution of our estimateρ e t :
The structure of this equation coincides with the structure of equation (7), but dQ here depends on the true stateρ, cf equation (6) .
Equations (6)- (8) constitute the theory of continuous measurement and estimation. The second and third can also be called the stochastic master equations (SMEs) of measurement and estimation, respectively. The first two constitute the theory of continuous measurement and they were shortly derived from unsharp measurements (2)-(4) in the weak-measurement continuous-time limit, cf [7] . The proof relies on the approximation
valid for large σ . We can easily confirm the novel SME (8) from equation (4), without adapting the (otherwise simple) derivation [7] of (6), (7) from equations (2), (3) . By change of variables, we are going to show that (3) and (4) become asymptotically identical. Let us consider expression (4) of the updated estimate and calculate the normalizing denominator for large σ :
Let us introduce new variablesq e =q − q ρ e + q ρ and, of course, q e = q − q ρ e + q ρ . Please observe that p e (q) = p(q e ) and re-write (4) into this form
4 The evolution equation for the measured stateρ t can be equivalently written as an autonomous equation [7, 9] driven by the standard Wiener-process 
If we restore the original variablesq =q e + q ρ e − q ρ and dQ = dQ e + q ρ e dt − q ρ dt, we obtain equation (8) .
Proof of convergence
For long times, both the actual state of the system,ρ t , and the estimated state,ρ e t , become pure states. Therefore, it will be sufficient to prove that the fidelity tr ρ tρ e t tends to 1 for large t. We detail the proofs below.
First we note that all three equations (6)- (8) are invariant under the trivial shiftsq → q + r, dQ → dQ + r dt, for arbitrary real constant r. In all time-local calculations we can, e.g., make q ρ zero by choosing r = − q ρ and we can restore the true result at the end of the calculation if we make a second shift by −r. This allows quicker calculations and we shall refer to this as shift invariance.
For long times, the solutionsρ t of the SME (6) are known to turn into pure states [1, 10] . To prove this, we show that the increment of E tr ρ 2 t is non-negative:
Using the Ito equations (6), (7) in the shifted coordinate system, where q ρ = 0, the lhs can be written as the trace of a non-negative matrix:
which is greater than zero and vanishes ifρ t is already a pure state. In certain marginal cases the growth of purity may get stalled, we discuss this problem later. However, in generic physical situations the rhs of equation (14) 
with equality if and only ifρ e =ρ for all typical, physically interesting situations. Using shift invariance, we can set q ρ + q ρ e = 0. Substituting equations (7), (8) 
The rhs is the trace of a non-negative matrix. This assures that the fidelity is monotonously increasing untilρ e =ρ is reached asymptotically. We shall emphasize that the convergence may cease for marginal cases, see our discussion below. Nevertheless, in generic physical applications convergence will always be achieved. This claim is supported by numerical simulations, and also by the fact that in the one-qubit case, if [Ĥ ,q] = 0, one can exactly prove that the rhs of equation (16) can vanish only if the true and the estimated states coincide, ρ e =ρ.
Extension for low-efficiency measurements
The theory of continuous measurement (6), (7) corresponds to perfectly efficient continuous measurements, i.e., the signal-to-noise ratio reaches the quantum mechanically possible maximum value. Real continuous measurements are producing and/or are accompanied by an excess noise. Therefore, they cannot preserve or reach the purity of continuously measured states although they limit their mixedness. Wiseman and Milburn [11] have already incorporated the efficiency parameter η ∈ [0, 1] into the theory (6), (7), and we do it for the novel SME (8) as well:
Our SME (19) of estimation works for lower efficiencies η < 1 as well. We expect that the convergence (1) of the estimateρ e t and the true stateρ t will slow down if η 1, still it exists for all nonzero efficiencies η. The former proof cannot be applied directly because it relied upon the longtime purity of bothρ t andρ e t . Yet, we can reduce the proof of the case η < 1 to the former proof of the case η = 1. Let us outline the steps.
In the two SMEs (18), (19), let us separate the excess noise from that which is necessary for a given measurement efficiency η:
and similarly for (19). It is known that the noise term proportional to 1 − η, like any further noise terms, can always be reproduced formally by an interaction Hamiltonian with a 'heat bath'. Accordingly, we can transform the original SMEs of continuous measurement and estimation at measurement strength γ and efficiency η < 1 into the theory of continuous measurement and estimation of the system+bath at measurement strength ηγ and efficiency η = 1. Vice versa, if we trace over the bath, these SMEs reduce to the SMEs of the original system. According to our earlier theorem, valid for η = 1, the true and the estimated states of the system+bath converge to each other. This convergence implies, via tracing over the bath, that alsoρ t andρ e t converge to each other whereas both may remain mixed forever.
Application to ensembles
The weak-measurement paradigm also plays a role in applications where a large ensemble of the unknown stateρ is accessible to the experiment, cf e.g. [3] . 
Summary
To complete the standard theory of continuous measurement, we have constructed a third Ito-stochastic equation for the real-time state estimate, exploiting the measured signal. Our theory (17)-(19) applies to any system under time-continuous measurement. In this way, we have largely extended similar heuristic proposals [1, 2] which used Gaussian estimateŝ ρ e t and requested, in principle, the perfect efficiency (signal to noise) of the time-continuous measurement. We proved analytically that our novel SME for the state estimate yields the true state for any non-trivial dynamics at any nonzero efficiency of the measurement. The recent work [4] on real-time estimate has sketched the Ito equations in an alternative representation, without details of derivation and proof of the estimate's convergence to the true state. Our theory, due to the plain structure of the equations, can invariably be applied when several observables are measured simultaneously, like the canonical coordinate and momentumq,p or the spatial coordinatesq x ,q y ,q z of a particle, as well as two or more components of a Pauli spin. We also showed that the theory applies when the state estimate relies on the collective continuous measurement on a large number of copies. Our SME applies to the experimental realizations of single-state control, and we expect that it will contribute to a direct solution of state tomography from continuous measurement on ensembles, cf e.g. [3] .
